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Kinetic Equations

II. Derivation of Kinetic Equations by Partial Summation

U. Banr, P. Quaas, and K. Voss

Institut fiir Theoretische Physik der Technischen Universitdt Dresden

(Z. Naturforsch. 23 a, 638—643 [1968] ; received 6 November 1967)

Ausgehend von einer allgemeinen Bewegungsgleichung fiir die Einteilchenverteilungsfunktion aus
der vorangegangenen Arbeit werden durch Partialsummation und den Grenziibergang 7 — oo kine-
tische Gleichungen fiir verdiinnte Gase und fiir Plasmen in Debye-Hiickel-Néherung abgeleitet.

1. Introduction

The purpose of this paper is to derive kinetic
equations for the one-particle distribution function,
which are valid for the kinetic state of a many-
particle system 1, i. e. equations of the kind

T (1)

n1,1=Tn1,t.

A kinetic state means a state in the evolution of a
system towards equilibrium, which can completely
be described by a time-dependent one-particle dis-
tribution function. Therefore the change of the state
has to be determined by the state, too, i. e. the ope-
rator T has to be time-independent.

The starting point is the general equation of mo-
tion (I.5.6) for the one-particle distribution func-
tion as derived in the preceding paper 2

. e s
l§n1,t=l1 ny i+ | d2 lio[ny ¢ no ¢

+exp{—i‘[(ll+lg)}rr,l2] s

ny,,=exp{it U} [ny, e+ 1 _.,4] (2)
with the symbols of paper I, where
T1,12=I‘1,12[nl,t0] » T—1=F-—t[nl,t] (3)

are functionals of the one-particle distribution func-
tion at initial time ¢, resp. at time ¢. Equation (2)
is different from the desired Eq. (1) because of the
explicit time-dependence of the graph-sum I', which
gives a time-dependence of T. Moreover the graph-
sum is too complicated to be summarized analyti-
cally so that introducing one equation of (2) into
the other is not possible exactly.

1 N. N. Bogorsusov, J. Phys. USSR 10, 256, 265 [1946].

2 U. Banr, P. Quaas, and K. Voss, Z. Naturforsch. 23 a, 633
[1968] ; preceding paper, hereafter referred to as I.

3 E. G. D. Coxex, Physica 28, 1025, 1045, 1060 [1960].

For an approximate evaluation of the Eqgs. (2)
for special systems in part 2, partial summations
based on a dimensional analysis are performed, and
in part 3 the limit 7 =1t—1ty— o~ will be taken.
By this, a general scheme for the derivation of kine-
tic equations is given, which will be demonstrated
by the derivation of the Boltzmann-equation! and of
the generalized Boltzmann-equation ? for dilute gases
and both the Vlasov-equation and the LenarD-Ba-
LEscu-equation # for plasmas in part 4.

2. Partial Summation

2.1. Selection of Graphs

In the partial summation one selects the graphs
essential for a special system, sums them up, and
neglects the remaining ones. In order to ascertain
the dependence of the selection of graphs on special
systems, a dimensional analysis will be used®. In a
dimensional analysis a factor is separated from
every appearing quantity. The factor characterizes
the value of the quantity and is represented by con-
venient system-parameters, so that the rest becomes
dimensionless and nearly equal to one. Thereby the
values may be estimated in orders of magnitude.

With the parameters of the classical many-body
system

ry = mean range of the interaction,

po = VmkT =mean thermal momentum (m = mass
of particles, k = Boltzmann-constant, T = mean
temperature of the system),

N = mean density of particles,

u, = mean strength of the potential of internal in-

teraction

4 A. Lenarp, Ann. Phys. N.Y. 10, 390 [1960]. — R. BaLescu,
Phys. Fluids 3, 52 [1960]. — R. L. Guerssey, Thesis, Uni-
versity of Michigan 1960.

5 W. Pomee, Ann. Phys. Leipzig 20, 326 [1968].
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all expressions may be constructed from the follow-
ing scheme (dimensionles quantities are marked by
a prime) :

I=ro rl, -p=p0 p’s TO= 1npfo.’
0
Jds=r®py® [ds”  resp. fdr=Vpgd [dr,
fdts=10fdl; resp. Jde, =< [dey, (1)

s 18 51 5
s oo . P- e Vg oml
"12(’r1—r2|) =uo“1,2(lr11—r2,l) .

The coordinate-integrations yield a factor ry3, if the
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integrand contains the interaction which is different
from zero onmly in the range ry, if it doesn’t they
yield the total volume V. By the time-integration a
factor 7, appears, if the integrand decreases in the
interaction-interval 7, if it doesn’t a factor = ap-
pears. If the functional derivatives 6/d7, may be re-
placed by distribution functions, one gets N py~3.
However, applying them to expressions containing
the interaction results in r,73 p,~3. Because of the
dependence of the interaction on the difference-co-
ordinates,
V=lpy~2.

however, only one derivative yields

According to these considerations one can express the sum of graphs as

.00 2..a+1 O0..x

s 2
i

1
a

1
T.-N

and its first and second derivatives as

§ l..00 2...2+1 O0..x

; (uo/kT)a(fNroa)ﬂ_1 (1/10)7 I‘;,l(a,ﬂ.r) (3)

L=, T=Np™ 2 X

and

; (o/kT)* (N rg3) 61 (1/1y)7 T, B (2)

& l..c0 2..2+1 0..x

—_ . P -3)2 3 !
rz, 12= 57, 005 =W po ®) .} %_

Each topological type of graphs in I', (a =number
of interactions-lines, f = number of ends of arrows)
has a distinct power of the coupling constant uy/k T
and of the dilution parameter ‘N r,® and may have
terms with different time-dependence (7/7,)”. Since
the parameter 7/, characterizes the time-behaviour,
which is of interest only in the summation of the
selected graphs, the factor (/)7 is disregarded
here. It will be taken into account in a following
paper® in connection with possible divergencies.
The types of graphs are summarized in Table 1,
where some characteristic graphs of I', are also
given.

If certain assumptions are made for the coupling
constant and the dilution parameter, only a few es-
sential graphs have to be taken into account, while
the remaining ones may be neglected. There are two
possibilities. On the one hand, one can successively
sum the graphs in the rows of Table 1 and thus gets
an expansion relative to powers of N ry3, which is
suitable for dilute gases with Nr,®> < 1. On the
other hand, one can take into consideration all
graphs in the diagonals of Table 1, i.e. all graphs

6 U. Banr, P. Quaas, and K. Voss, Z. Naturforsch. 23 a, 644
[1968], following paper.

y (wo/kT)* (N re2) 72 (/14)7 I‘:’m(a,ﬁ:/)_ (4)

-

’
b

4 “ e

it < v v
o

Topological types of I'; . Below the diagonal there
are no graphs.

A

N
SNBEIE
- HIEE]-

Table 1.

with (Nrg3-uy/kT)" for all n=1, 2,... with ad-
ditional powers of uy/kT. A comparison with the
equilibrium 7 shows, that the summation of the dia-
gonal-graphs coresponds to the introduction of the
screened Debye-potential and is therefore suitable
for plasmas, where N ro® ug/kT~1 and uo/kT <1

is valid.

7 J.E.Maxer and E. W.MonTtroLr, J. Chem. Phys. 9, 2 [1941].
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2.2. Summation of the Row-Graphs
From the equation of motion (1.3.1)
il 8,15, S=1 5)
for the S-operator (1.3.3.)
S. =N, 55 exp{L'}, Ty=0 (6)

there follows a differential equation for the linked-
cluster sum

. 0 dl d2 d
lé;I‘,:/ 91 Ny M2 lyg, . N 7, 8/n

d o
(SZ%—I-I‘ +I‘tlr12+rr 12)
(7)

By expanding the linked-cluster sum in powers of
the parameters N ry® and uy/k T and by putting this
expansion into (7) one obtains by a comparison of
coefficients differential equations for the linked-
cluster sum in the desired approximation.

+I"

The expansion in powers of N ry3 for dilute gases
leads to the sum

) )
"B nl"'nskl...s,t 6‘7]1...*—,

K. . 0=0, (8)

because the number of ends of arrows and the
powers of Nry® are connected unequivocally. The
coefficient-operators K; s . are determined by put-
ting (8) into (7). Differential equations are obtain-
ed, as for instance for K3,

a ~
i, Ko, .=li2 . (1+Kis2,.), K120=0 (9)

d2
I‘"" _/dtlf 21 N1 Mo 112 t,N 6/67,(

é o
on, On,
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with the solution

k12,r=l¥12,1‘_1 s
W e.=exp{it(li+...+ L) Yexp{—itly  }.
(10)
In the same way, equations for K3, and Kigss, .
may be gained with the solutions

Ko, . =Wios, . — K1, . — K13, . — Ka3,. — 1 (11)

and

Feioos, . = Wisns, « — Ko, - — Kizs, . — Kozs, . — Koy,
— Ko, Koy, . — Kz, . oy, . — Ky, Ko,
—FKio, . —Kiz, . —K1g, . — Koy, . — Koz . — Ky, . —
(12)

The general appearance of k.
but is of no practical interest.

.s,- may be given,

2.3. Summation of Diagonal-Graphs

The only important summation of diagonals is
the so-called chain-approximation, which takes into
account only graphs of I', with (N r¢®-uy/kT)"

I~T®= ) T ) NZ( ) Tios1n (13)

with those graphs being neglected which yield
powers of ug/k T higher than the powers of N rgd.
In this approximation a dimensional analysis of (7)
shows that the term containing I', 1 may be neglect-
ed. After time-integration of (7) an integral-equation

LR IO P o R i) (14)

for the linked-cluster sum in chain-approximation has been found.

For the derivation of kinetic equations from (1.2) we also need the integral-equation for the first func-

tional derivative of T'®

A - 5 0
(k)
) B4 th fd3 N3 lig, 1, Ny, o10m ((5,7 5,

J d3 d4
+fd‘1f 21 s B, 6Ny, o0 (I‘L 18 50 + g i wa T Ty + Tifhy I‘ﬁf’;;)
0

+ T 5,7

+r§f)35 + I, t13)

(15)



KINETIC EQUATIONS II

and for the second functional derivative

)

T
P B )
I'f, = jdh Lz, ¢, Ny, 818 (67, . + rg’,)ly + T2,
0

517

- . 3
+fdt1fd3773'13,t,Nn,a/a ( 3—
0
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+ T T

z(, )23 Tk r;f) 12 TE% + I‘ﬁ‘?l rg‘,)z3) (16)
1

+ [ty [a8mgTas, 0 Ny a0 (T10 5o+ Tiia -+ TP T, 4 T, TEH, )
0

T
d3 d4 )
Tt fdtlf o1 M3 134 t1 V5, o180 (rgc,)lzs E™ &5 rz;k 124 5 - +2 rt(lk)lza I‘}"); +2 rl(k)13 rl(x 24)
0

3. Limit 17— ~

The Eqgs. (1.2) are valid for all times, where the
assumption of molecular chaos is correct, also in
case that an approximated sum of graphs is put into
(1.2). For the considerations of part 2 concern
neglects for special systems independent of the time-
behaviour. But for the kinetic Eq. (1.1) the opera-
tor T applied to the one-particle distribution func-
tion has to be time-independent. This can be obtain-
ed by the limit 7— oo , i. e. one assumes the initial
time t,— — o~ to be very remote. When no un-
equivocal limits exist, they are defined with the aid
of a convergence factor exp{ —&¢;} in every time-
integral. Afterwards, the limit ¢ — 0 is taken. This
convergence factor practically causes an averaging
of the time-behaviour. Thus the observed behaviour
in the kinetic state is reproduced with approximate
correctness and possible fluctuations are oppressed.
In the case of this limit, so-called secular terms may
appear which increase with lim 7" . As to this pheno-

T—>00
menon it will be pointed out in the following paper €
that with partial summation the terms have to be
summarized in such a way that the total expression
does not diverge.

After summarizing the results of I and the present
paper, the desired kinetic equations of the kind
(1.1) have been obtained from the Liouville-equa-
tion in the following steps:

where ¢, is the following operator

— reduction of the N-particle distribution function,

— molecular chaos at initial time ¢,,

— calculation of the one-particle distribution func-
tion at initial time by the hermitian adjoint time-
evolution operator,

— molecular chaos at time ¢ relative to the fore-
going procedure,

— selection of. graphs for special systems and sum-
mation,

— limit 7— oo with a convergence factor.

As these equations are valid only in the kinetic state,
the initial conditions for their solution must be con-
tained in the kinetic state.

4. Special Kinetic Equations
4.1. Boltzmann-Equation

In the lowest approximation of the expansion of
the linked-clusters in N ry® (first row of Table 1)
one has to sum all ladder graphs. One puts (2.10)
with (2.8) into the first equation of (1.2). From the
second equation (1.2) the second term with I' _, 4
need not be considered in this approximation. After
taking the limit of part 3, one gets a kinetic equation
for dilute gases with Nr,® <1, the Boltzmann-
equation

)
i3, ny, =l "l,t+jd2 Lo(1+ @y2) nyeng s (1)

@, = limexp{ —it(l;+ 1) } ks, exp{it(l, +1,) }
= lim (eXP{ — if(ll + l2 -+ 112) }exp{i‘t(ll + lg) } == 1)

77— 00

- h‘_% (=19 ofdtl e exp{—ity(L+lo+1) Jlpexp{ity (L +1)} .

(2)

In this form (1) the Boltzmann-equation was also derived by Conex 3.
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4.2. Generalized Boltzmann-Equation

In the next approximation relative to powers of N ry3 the graphs of the second row in Table 1 are in-
corporated in the sum of graphs. Putting the second equation of (1.2) into the first the term which is linear
in Nr® from I'_, ; has to be accounted for. One gets a generalized Boltzmann-equation for moderately

dense gases

. 9
i3, M= Uing e+ [d21s[ A4,) + [d3 (Pyog+ ProPls+ P12P@ls— @y — P23—Pyg) ng I ny¢nge. (3)

Corresponding to (2) the triple-collision operator ¢@;,; means
Pro3 = lim (exp{ —ivlips} exp{it(ly+ L+ 1)} - 1)

= lim (—7) of dey e~*tiexp{ity Ligg} (Lo + bog + Uyg) exp{ity (L + L+ 1) } . (4)

e—0

Moreover (3) contains the hermitian adjoint operator ¢,
lo=lim (exp{ —i7(l; + L) Jexp{it(l; + L+ 1) } — 1)

= lim i(_)[ dti e_‘t’ exp{ -1 tl (ll + l2) } 112 exp{i tl(ll + 12 + 112) } . (5)

e—>0

The form (3) of the generalized Boltzmann-equation
derived here differs from the common one % because
of the different method used to eliminate the initial
state ny, 4, by ny,¢. So far nothing can be said about
the physical meaning of this difference.

4.3. Vlasov-Equation

For dilute plasmas with Nrg-ug/kT ~ 1 and
uo/kT <1 one takes all graphs in I, ; with factors
(N re3 up/kT)" for all n=1, 2,... Using in

ny,e=exp{ —itli}[ny, ¢+ s 1] (6)
for 1—'.,,1
T.i=PTH[;- =n..)] @

and the integral equation (2.15) one gets

ny = exp{ —iT ll}[nl, to + {dtl fd2 i;g,hnl, to 112, t,
+ Ly 1ne e+ Loy, g+ Ty 1 L, 0] (8)

This leads to an iteration-equation for the one-par-
ticle distribution function

ny¢=exp{ —itli}[ny,,+ of de, [d2 l~12, -

X exp{ity(Ly+15) } ny,emae,] . (9)

After time-differentiation and with the definition of
(I.3.1) the Vlasov-equation for dilute plasma arises

from (8)

3

iy, M= Uing:+ [d2Usnyg ns ;. (10)

In this case, the limit 7— oo need not be taken, be-
cause the operator T is already time-independent.

4.4. Lenard-Balescu-Equation

A corrected kinetic equation for plasmas also ac-
counting for collective effects (screening) is obtain-
ed by an additional summing in the graph-sum T,
or 'y of all graphs with factors (uo/kT) (Nry®
‘uo/kT)" for all n=1, 2,.., i.e. the graphs of the
next diagonal in Table 1. Because of the dimensional
relation (2.4), this corresponds to a summation of
all graph in chain-approximation for I', j5. This is
analogous to the equilibrium? where the simple
chain-approximation for the radial distribution func-
tion corresponds to the Debye-Hiickel-approximation
for the partition function. We start from the itera-
tion equation (2.16). According to Barescu® one
has to make the ansatz

Ny ENg g Mg tASMY ¢ N 1o o o N e, S = Tq Py (11)

for the corrective term. By summing up all terms
with (Nry®-u,/kT)" the screening of the potential
at the Debye-length has been taken into account.
When this length is large (dilute plasma) the plasma
is known to be well described by the Vlasov term,
i. e. the corrective term is then approximately equal
to zero. For small Debye lengths, i. e. when the par-
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ticles have to come very close to one another in or-
der to be able to interact, the corrective term be-
comes effective. For this reason the above estimation
(11) is admissible.

With the ansatz (11) in (1.2) and (2.16) be-

cause of

fd2Leny  ny, ;=0 (12)

(after partial integration relative to ¥;) many terms
can be omitted, particularly
e ~0 (13)

is valid. By this, the more simple integral-equation

T ~
1"8‘1’2= Jdtybis, ¢, ny ¢, N2, ¢,
0

T -~ -~
+of dty [d3[ls, ¢, TiEhsny, ¢+ Uos, ¢, T30, 1]

ny,=exp{itl}ny,; (14)

follows from (2.16). Performing the limit 7— oo
as in part 3 and defining

I'y=exp{it(l,+1,)} a;

X exp{it(ly+b)} ny,eng,:  (15)
one obtains from (1.2) a kinetic equation, the
Lenard-Balescu equation, for the plasma in Debye-
Hiickel approximation

. 9
lgt—"l.t=llﬂ1,t+fd2 Ligny, ¢ ng, ¢

+[d2 L @yeny, sng' s (16)
For the operator @, the integral-equation
o =871, | +82 [d3(ly3 @03+ 1p3@y3) | n37 (17)

arises with (15) after the limit from (14). In this,
the abbreviation

81_2 = lim (—i)o}odtl exp{—itl(ll+12) —¢& tl}
(1

=0

8)
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was used. In (17) the operators l; contained in
(18) must only be applied up to the vertical line.
With the definitions

dE 3
u12(|r1_r2]) Eff;?;).i/" exp{zf(rl—r2)}uk;
up=up; kEIfl;
df : 3.
L=~ [ o ep{it(—10)} m 8

5125 d 3 3 )

womd 1=y .

13,f= . -y 4 - /£1:p3 . ’
oL _1‘1_r>no( zifdtexp( i St Et)

the same integral equation as given and solved by
Barescu® is obtained by Fourier transformation
(17). The closed form of the Lenard-Balescu equa-

tion runs as follows:

. 9
l§n1,1=lln1.t+fd2 Lisny,ins,

. A ug
+zfdfdp2f81 f;
Xls (%f)fé’lgn;,tnggt,

ei=1—(2a)" [dps 613u £y ny ;.

(20)
2

The factor ¢;,¢ expresses a non-stationary screening.
Gourp and pE Wirr® remarked that with the
numerical evaluation of the expressions in the
Lenard-Balescu equation correct results for trans-
port coefficients failed to be obtained. Therefore
they performed a further partial summation allow-
ing more adequately for the actual interaction at
short distances between particles in a plasma.

8 H. A. Gourp and H. E. pe Wrrr, Phys. Rev. 155, 68 [1967].



